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Abstract. By Birman and Skvortsov it is known that if Q is 
a plane curvilinear polygon with n non-convex corners then the 
Laplace operator with domain _ff'^(Q)ni?Q (Q) is a closed symmetric 
operator with deficiency indices (n, n). Here, by providing all self- 
adjoint extensions of such a symmetric operator, we determine the 
set of self-adjoint non-Friedrichs Dirichlet Laplacians on Q and, 
by a corresponding Krein-type resolvent formula, show that any 
element in this set is the norm resolvent limit of a suitable sequence 
of Friedrichs-Dirichlet Laplacians with n point interactions. 



1. Introduction. 

Since their rigorous mathematical definition by Berezin and Faddeev 
[2] as self-adjoint extensions of the Laplacian restricted to smooth func- 
tions with compact support disjoint from a finite set of points in W^, 
d < 3, point perturbations of the Laplacian have attracted a lot of 
attention and have been used in a wide range of applications, as the 
huge list of references provided in [1] shows. Successively point per- 
turbations of the Dirichlet Laplacian on a bounded domain have been 
defined in a similar way, see |5], [1], [7]. In this case, since functions in 
the domain of the Dirichlet Laplacian vanish at the boundary, points 
perturbations can not be placed there. Nevertheless one could try 
to put point-like perturbations at the boundary by moving the points 
supporting the perturbation towards the boundary while increasing the 
interactions strengths, so to compensate the vanishing of the functions. 
However it is not clear how to implement this procedure, because there 
is no universal behavior for the functions in the operator domain in 
a neighborhood of the boundary. For example if f2 C is a plane 
bounded domain which either has a regular (i.e. C^'^) boundary or has 
a Lipschitz boundary and is convex, then the self-adjoint Friedrichs- 
Dirichlet Laplacian on L'^{^) has domain H^{Q.) fl Hq{Q). Thus, by 
the (dense) inclusions C^Iq) C H^{Q) n H^{Q) C Co(Q), there is no 
minimal vanishing rate for u{x) as x approaches the boundary. The 
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situation changes if one considers a plane non-convex polygon. Indeed 
in this case the Friedrichs-Dirichlet Laplacian has a domain that is 
strictly larger than if^(fi) fl Hq{Q) and for any function u in such a 
domain one has u{x) ~ CmSv(x)||x — v||'^/'^ when ||x — v|| ^ 1, where 
V is any vertex at a non-convex corner, u > n is the measure of the 
interior angle at v, and < Sv(x) < 1. This indicates that it should be 
possible to renormalize the value of m at v by considering the limit of 
||x — v||~" Sv(x)~^'u(x) as X — i- V. Indeed such a procedure works and in 
the case of an arbitrary point perturbation of the Friedrichs-Dirichlet 
Laplacian on a plane polygon Q with n non-convex corners, the limit 
operator, as the n points supporting the perturbations converge to 
the n non-convex vertices, turns out to be a well defined self-adjoint 
operator: it coincides with a self-adjoint extension of the closed sym- 
metric operator (which by [3] has deficiency indices {n,n) ) given by 
the Laplace operator on if^(Q) n Hq{Q.). 

The proof we provide in this paper follows the reverse path. 

At first in Section 2 we determine all the self-adjoint extensions of the 
Laplace operator on H^{Q.) fl Hq{Q.), Q a bounded non-convex curvi- 
linear polygon, and provide a corresponding Krem's resolvent formula 
(unknown to the author, some similar results had been given in last 
section of the unpublished paper [6]; we thank Mark Malamud for the 
communication). The operator domain of any of such extensions is 
contained in the kernel of the unique continuous extension of the trace 
(evaluation) operator along the boundary to the domain of the maximal 
Laplacian, and the functions in the operator domains still satisfy the 
Dirichlet's boundary condition u{x) = 0, provided x is not the vertex at 
a non-convex corner. Thus such family of self-adjoint extensions forms 
a set of non-Friedrichs Dirichlet Laplacians, the Friedrichs-Dirichlet 
Laplacian being the only one satisfying Dirichlet's boundary conditions 
also at the vertices of the non-convex corners. 

Then, in Section 3, we define an arbitrary n-point perturbation of the 
Friedrichs-Dirichlet Laplacian Aq, again together with a corresponding 
Krem's resolvent formula (see [1] and [7] for similar results), and we 
show that, if the points supporting the perturbations converge to the 
non-convex vertices of Q, while the coupling strength is renormalized 
according to the vanishing rate of the functions in ^(A^), these self- 
adjoint operators converge in norm resolvent sense to the self-adjoint 
extensions provided in Section 2 (see Theorem 13. 6p . 

In the Appendix, we collect some results about self-adjoint extensions 
of symmetric operators that we need in the proofs. 

We conclude the introduction by giving some notations: 
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• ^{L), J^{L), ^{L), p{L) denote the domain, kernel, range and 
resolvent set of a closed linear operator L on an Hilbert space J^f; 

• ||01Il = {\\L(f)\\,^' + 11011-5^-)"'^^^ denotes the graph norm on ^{L); 

• L\V denotes the restriciton of L to V C ^{L); 

• L'^i^) denotes the Hilbert space of square-integrable functions on the 
open domain Q C IR^ with scalar product (m, v)L2(n) = /q^(x)v(x) dx; 

• The dot • denotes the scalar product on C", i.e. ^-C = Y^k=i ^kCk', 

• Cn = denotes the subspace corresponding to the orthogonal 
projector 11 : C" C". By a slight abuse of notation we use the 
same symbol 11 also to denote the injection Il\C'^ : — )■ C" and the 
surjection (n|C{^)* : C" ^ CJ^; 

• E(C") denotes the bundle p : E(C") ^ P(C"), where P(C") is the 
set of orthogonal projectors on and p~^{Il) is the set of symmetric 
operators on C^; 

• c denotes a generic strictly positive constant which can change from 
line to line. 

2. DiRICHLET LAPLACIANS ON A NON-CONVEX PLANE POLYGON. 

Let Q C be a bounded open Lipschitz domain. This means that in 
the neighborhood of any of its point Q is below the graph of a Lipschitz 
function and such a graph coincides with its boundary f. 

We denote by the distributional Laplace operator on Q and we 
define 

where 

^(A^'^") := {u e : Anu G L^{Q)} . 

Wc denote by C°°(Q) the set of functions on Q, the closure of Q, which 
are restriction to Q of smooth functions with compact support on 
and we denote by if'^(Q) the Sobolev-Hilbert space given by closure of 
C°°(Q) with respect to the norm defined by 

0<ai+a2<k 

By Sobolev embedding theorem one has, for any a G (0, 1), 

(2.1) H\Q) C C"(f2) 
and 

(2.2) Vii G //^(Q), Vx,y G Q, \u{x) - u{y)\ < c\\u\\H^n)\\y^-yr ■ 
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Analogously ifg(Q) denotes the closure of C^(Q), the set of smooth 
function with compact support on Q, with respect to the same norm. 
The space Hq{Q.) can be equivalently defined by 

H'oiQ) :={ueH\Q) : 70^ = 0}, 

where 

is the unique continuous linear map such that 

VmgC~(Q), Vxer, 7om(x) = m(x). 

There is a standard, well known way to define a self-adjoint Dirichlet 
Laplacian on L'^{^) '■ since the symmetric sesquilinear form 

Fn : Hl,{Q)m^{n) C L''{Q)(BL^{Q) ^ C, Fn{u,v) := {Vu^Vv)^^^^) 

is closed and positive, by Friedrichs' extension theorem there exists an 
unique positive self-adjoint operator 

such that 

Wu e ^{A^n^H',{Q) , \fveH',{Q), Fn{u,v) = -{A^u,v)L2^n) ■ 
Moreover 

^(A^) = ^(A^'^^)ni/o'(^) 

is dense in Hq{Q.), G p(Aq), — A^ has a compact resolvent, and its 
spectrum consists of an infinite sequence 

Ai(Q)<A2(Q)<A3(Q)<... 

of strictly positive eigenvalues each having finite multiplicity, Ai(Q) 
being simple. We call A^ the Friedrichs-Dirichlet Laplacian. 

In the case Q is piecewise regular, in particular is a plane curvilin- 
ear polygon, there is another way to produce a self-adjoint Dirichlet 
Laplacians on L^(Q). 

From now on we suppose that Q C is a plane bounded open 
curvilinear polygon (cups points are not allowed) which coincides with a 
plane polygon in the neighborhood of any (eventual) non-convex corner. 

Let us recall the following Caccioppoli-type regularity estimate: for 
any u G C^{Q) := {u G C°°(Q) : u{x) = , x G T} one has 

(2.3) < c \\AQu\\L2(^n) . 

The proof of such an estimate, for general elliptic second order differen- 
tial operator on a class of bounded open sets which includes curvilinear 
polygons, can be found in [12], Chapter 3, Section 8. For the Laplace 
operator on polygons a simpler proof is given in [10], Theorem 2.2.3. 
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By (EJl), since C^{^) is dense in H^{Q) f] H^{^), (see e.g. p^, 
Theorem 1.6.2), the restriction of Aq to C^(Q) is closable and its 
closure is given by 

By Green's formula for curvilinear polygons (see [9|, Lemma 1.5.3.3) 
Aq is a closed symmetric operator. Thus a natural question arises: is 
Aq self-adjoint? Equivalently: does A^ coincide with A^ ? If Q had a 
regular boundary with no corners then ^{A^^"^) fl Hq{Q.) = if^(Q) fl 
H^{Q.), i.e. A^ = A^. Otherwise the answer depends on the shape of 
Q. Indeed if Q is a curvilinear polygon then, as it has been proven in 
[3] , the deficiency indices of A^ are both equal to n, the number of non- 
convex corners of Q. In this case ^(A^'") n H^{^) + H^{Q.) n H},{Q.) 
is an immediate consequence of the fact that the function 

u{r, 6) =r^ sin pe, /3 := - , 

belongs H^(\N), where W is the wedge 

W = {x = (r cos 6^, r sin 6^) : < r < 1 , < 9 < co} , 

is in ^(A^^''''), since Aw" = 0, but fails to be in if^(W) when u > n. 
From now on we will suppose that n > so that 

^(A^) = H\Q) n H^{Q) C ^(A^"") n H^{Q) = ^(A^) . 

Since A^'^^ is the adjoint of the restriction of A^ to C^(Q), one has 
(Aq)* C A^'^^ and so any self-adjoint extension of Aq acts on the 
functions in its domain as the distributional Laplacian. 

Let us at first characterize J^((Aq)*). To this end we need the 
extension 70 of 70 to !^{Aq^^) provided in [9J, Theorem 1.5.3.4, and 
PH] , Theorem 1.5.2: there exits an unique continuous map 

7o:^(Ar-)^©^,^-5(r,), 

which coincides with 70 on ^{Aq^^) fl if^(Q). Here iJ~5(rj) denote 
Hilbert spaces of distributions on the smooth curves fj, i = 1, . . . ,m, 
which union, together with their endpoints (i.e. the vertices of Q), 
give r. We do not need here the precise definition of H~2(^['i), see the 
quoted references for the details. Then, by Lemma 2.3.1 and Theorem 
2.3.3 in [To], one has the following 

Theorem 2.1. 

jr((A^)*) = jr(Ar^)n^(7o). 
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As we already said before, contrarily to the case of a domain Q either 
convex or with a regular boundary, the kernel of (Aq)* is not trivial. 
Indeed (see [3] and [TO] ) 

(2.4) dim^((A^)*) = number of non-convex corners of Q. 

In order to better characterize J^((Aq)*) we introduce some more def- 
initions. Let V = {vi,...,v„} the set of vertices at the non-convex 
corners of Q and, for any G V, let cuk > tt denote the measure of the 
corresponding interior angle. We define the wedge 

:= Q n 

={xfc = (rfc cos 6k,rksm6k) eW^ : < < , < dk < Uk} , 

where denotes the disk of radius R centered at v^; we choose R 
small enough to have Wf fl = 0, z 7^ fc. On any disk centered 
at Vfc we consider the functions G Jt{A^^'^) defined by 

1 vr 
uti^k, Ok) = r^^" sin /3k0k , /3k := — , 

a/TT Uk 

and we take / G C^'^(M+), i.e. / is differentiable with a Lipschitz 
derivative, such that < / < 1, /(r) = 1 if < r < R/3 and /(r) = 
if r > 2R/3. With such a choice we have fu^ G L'^{^) and, since 
supp(/M^) C W^, the functions /m^ are L^(Q)-orthogonal and thus 
linearly independent. 

Lemma 2.2. Let us define 

Sk := ful , (jfc := fu^ , gk := (Xfc + (-A^)"^An(Tfc . 

Then 
1) 

Sk G ^(A^) , ak G ^((A^)*) n ^(70) ; 

2) Qk is the unique function in J^((Aq)*) such that 

gk-(Tke ^(A^); 

3) the Qk 's are linearly independent; 

4) 

{9i, (-A^)sfc)2,2(n) = 5ik . 

Proof. By u+ G C°^{\N§) n H\\Nf) one has Sk G ^(A^^^) n i7o^(Q) . 

By ak G ^(70) there follows Qk G ^(A^^^) n ^(70). Hence Qk G 
jr((A^)*) by Theorem O This also shows that ak G ^((A^)*). 
Proof of point 2 is then completed by J^{Aq) = {0}. 
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Take ci, . . . , such that ^^^^ CkQk = 0. Then 

n n 

fc=i fc=i 

This gives ci = ■ ■ ■ = c„ = 0, since the (Xfe 's are hnearly independent 
and do not belong to ^(A^). Thus point 3 is proven. 
As regards point 4, let us pose := \n1^^^\\N^^^ . Then 

{9k, AQSk)L2{n) = ((Tfc, A^Sfc)L2(Wfe) — {Anak, Sk)L2{\Nt:) 



2 /■2_R/3 ;"Wfc 2 

= — / 2f'fdr sin^ — e d9 = / sin'^rf^ 

^k Jr/3 Jo ^k TT 



□ 



We define the C"- valued functions 

s = (si, ■ ■ ■ ,s„) , (T = (di, ■ ■ ■ ,cr„) , g = {gi,- ■ ■ ,gn) . 

By Lemma 2.3.6 and (the proof of) Theorem 2.3.7 in [lOj, ( 12. 4p can be 
precised: 

Theorem 2.3. For any u G J^((Aq)*) i/iere exisi an unique ^„ G C" 
such that u = g-^u- 

In order to use the results given in the Appendix we need a more 
precise characterization of ^(A^^^) n Hl{^) i.e. of ^(A^): 

Theorem 2.4. 

&{Al) = {u G : u = + s-C , Mo G ^(A^) , C« G C"} . 

Proof. By point 4 in Lemma 12.21 the linearly independent functions 
A^Sfc are not orthogonal to .^((A^)*). Thus, given u G ^(A^), the 
decomposition L'^{Q.) = M{A°^) © ^((A^)*) implies that there exist 
unique Uo G ^(A^) and C« G C" such that A^u = A°^Uo + A^s<«. □ 

Next we introduce a convenient map such that ^(A^) = =^(rQ): 

Lemma 2.5. Let 



ANDREA POSILICANO 



where {u)yyR denotes the mean of u over the wedge \N^. Then Tj 



IS 



well defined, continuos, surjective and ^(r^) = ^(A^). 

Proof. By Theorem |23]^(A^) = ^(A^) + V, where both ^(A^) and 
V are closed subspaces of ^(A^), and ^(A^) fl V = {0}. Therefore 
the map 

given by the composition of the continuous projection onto V with the 
map giving V ~ C", is continuous. To conclude we show that Tq = Po, 
i.e. T^u = (u- By Theorem 12.41 one has u = Uo + s-(u- Thus, by using 
fl2^ with a e [Pk, 1), one has 

I-""'! ^ ^ 'lis (t ^T' 4 1""*"'! - ^ = ° • 



while 



y/n'^ 1 
{rns<u)k = (2 + (C)fc Ihn (sfc)wfl 

and the proof is done. □ 

By Theorem 12.41 and Lemma 12.51 we can determine all self-adjoint 
extensions of Aq, together with their resolvents, by the methods pro- 
vided in Appendix with A = Aq and t = Tq. To this end we give the 
following 

Lemma 2.6. Let 

: C" ^ L^{Q) , G; : L\Q.) ^ , z G p(A^) , 
he defined by 

Then 

= a-i - (-Ag + z)-\-^^ + z)a-i 

and 

Glu = {a, u)L2(n) - ((-A^ + z)"^(-An + z)a, u)L2{n) . 
Proof. By Lemma 12.21 Theorem 12.41 and Lemma 12.51 one has 

{g, -A^u)l2(q) = {g, -A^Mo - A^s-C„)l2(q) 
= ((-A^)*5(,Uo)L2(n) + (5', -Ans)L2(Q)-C« 

/• V 
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Thus 
i.e. 

By (14. ip one has then 

=(1 - ^(-Ag + z)-')GoC ={g- z{-Ai + z)-'g).i 

□ 

Notice that in next theorem we use the extension, denoted by the 
same symbol, of {j^)k to functions coinciding away from with func- 
tions in ^(A^) . 

Theorem 2.7. Any self-adjoint extension of A'^ is of the kind 
AS'® : ^(Aj'®) C L\Q) ^ L\Q) , A^'% := A^u , 

{u eL\Q.) : u = u^ + g-iu , Uo G ^(A° ) , G Q , UtIu = 0^4 , 
where (H, 6) G E(C") anc? 

Moreover 

(-A"'® + = (-Ag + + G,n (9 + n r,n)-in g; , 

where 

{T,)ij = (^z\\cri\\l2(^n) + \\i-^n)'^^ncri\\l2^n)) ^ij 
-((-A^ + z)-i(-An + z)a„ (-An + 2;)or,-)i2(n) 

Proof. By Theorem 14.11 any u = uo + Gq^u = uo + g-^u in the domain of 
a self-adjoint extension has to satisfy the boundary condition UtqUq = 
e^u, for some {U,Q) G E(C"). Thus 

{rnUo)^ = {t^{u - gi{Qi))i - {rn{gj{Qj))^ = {f^u)^ - {AQi , 
where, by Lemma 12. 6[ 

(2.5) A,, = ((-A^)-iAncr„ Anaj)LHn){l - S^j) . 
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Moreover, by (14. 2 p and Lemma [2.61 one has 

z{GlGz)ij = (T"n(G'o - Gz))ij 
= {r^ii-A^)-'Ana + (-A^ + z)-\-An + z)a)),, 
= {GlAna\, + {Gl{-A^ + z)a),j 

=Aij + (((Tj, Ano-j)i2(Q) + ((-A^)"^Ancri, Ancri)j^2(n)) 5y 
+ (a,, (-An + z)ai)L2(n) 5ij 
- ((-Ag + zy\-An + z)ai, {-An + z)a^)L2^n) 

The proof is then concluded by taking = — HAn. □ 
Since gt — cTk ^ ^('^n)? Theorem 12.71 admits an alternative version: 
Theorem 2.8. Any self-adjoint extension of A^ is of the kind 

^(AD ■= 

{u eL\Q) : u = Uo + , e ^(A" ) , e« e Q , nr^^Mo = 0ej , 
where (H, 0) G E(C"). Moreover 

(- A^'® + = (- A^ + zr' + an (0 + n f,n)-in , 

where 

(Xz)ij = (^^ll'7i|lL2(n) ~ Ancrj)L2(n) j 
-((-A^ + z)-\-An + ^)fT„ (-An + z)aj)L^n) 

Proof. By Theorem 14.11 and Lemma 12.61 any u in the domain of a self- 
adjoint extension of ^(Aq) is of the kind u = uq + g ■ ^u, uq E ^(A^), 
e eg, Hr^Mo = 0^«, for some (H, 0) e E(C"). By the definition of 
g (see Lemma [22]), one has u = uq + o"-^„, = % + (— AQ)~^Ancr-,^„ 
and, by Lemma [2. 6 [ 

r^Mo =T^Uo - T^{-A^)~^Ana-^u = t^Uq - GlAn(T-iu 

where 

Aij ={(Ji, Anai)L2(n) Sij + ((-A^)"^An(Tj, An(Tj)i:2(n) 

By noticing that Fjj = Tij — AuSij, the proof is then concluded by 
taking = 0- HAH. □ 
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Remark 2.9. Since both cxfc and gk, ^ ^ k < n, belong to =^(70) 
(see Lemma l2.2p . all the self-adjoint extensions of Aq have domains 
contained in ^(70), the only one with domain contained in J^(7o) 
being the Friedrichs' Laplacian A^. Thus we can interpret the set of all 
self-adjoint extensions of Aq as the set of self-adjoint, non-Friedrichs' 
Dirichlet Laplacians on L^(Q). 

Remark 2.10. Notice that if both 11 and G are diagonal, then both 
the boundary conditions UtqU = and UtqUq = appearing in 
the previous theorems are local, i.e. they do not couple values of u at 
different vertices. 

Example 2.11. The prototypical example is providend by Q = W, 
where W denotes the non-convex wedge 

W = {x = (r cos 6*, r sin 6*) : <r < R, < 6 < u} , u e {it , 2t[) . 

In this case ^^((A^)*) is one dimensional and by Theorem 2.1 g is 
the unique (up to the multiplication by a constant) solution of the 
boundary value problem 



A--^7(r,^) = 0, 

g{r,0) = g{r,uj) = g{R,e) = 0, r^O 



Thus 



Similarly : C — )■ L^(W) acts as the multiplication by the function 
gz which solves the boundary value problem 



A^^^gz{r,9) = zgz{r,9), 

g{r,0) = g{r,uj) = g{R,e) = 0, r^O 



Thus 



('F)'r(i-/') (•'-(^^)-^^^^(^^))-^''. 

where Re{y/z) > 0, J±/3 denotes the Bessel function of order ±(3. Here 
the constants are chosen in order to have gz ^ g a.s z ^ 0. Then 

Tz - z{g, gz}LHysj) - ^ + [l) j^^^.r) ' 
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where r(±/3) denotes Euler's gamma function at ±/3. By Theorem 12.71 
the set of self-adjoint extensions of different from is parametrized 
by G R. Any of such extensions has resolvent with kernel 

R'A., y) ^ «f (X. (i )^ . 

where Rf denotes the resolvent of the Friedrichs-Dirichlet Laplacian. 

3. Approximation by Friedrichs-Dirichlet Laplacians with 

point interactions 

3.1. Laplacians with point interactions. Let Aq be the Friedrichs- 
Dirichlet Laplacian on Q as defined in the previous section and, given 
the discrete set Y = {yi, . . . , y„} C Q, we define the linear map 

By u{yk) = Uoiyk) + s{yk)-Cu and (12.31) such a linear map is continuous 
with respect with the graph norm of A^, is evidently surjective and 
has a dense (in L^(Q)) kernel. Thus we can apply the results provided 
in the Appendix to write down all the self-adjoint extensions of the 
symmetric operator Ay q given by restricting A^ to the functions that 
vanish at Y. 

Let us denote by gn{z] ■,■) the Green's function of — A^ + z, so that 
gn{z; x, y) = g{z; x, y) - hn{z; x, y) , 

where 

1 , 1 

^(0;x,y) = — In^ ^, 

In ||x — y|| 

g{z;x,y) = ^Ko{y/^\\x-y\\) , Re(v^) > , 

Ko the Macdonald (or modified Hankel) function, and hQ{z] ■,y) solves 
the inhomogeneous Dirichlet boundary value problem 

{-A^ + z)hn{z;x,y) = 0, xgQ 
hn{z;x,y) = g{z;x,y) , xGT. 

Remark 3.1. One has (see e.g. formula 8.447.3) 



KoiVz ||x - y||) = In - In ^ + ^(1) + o{V~z ||x - y||) , 

where ip is Euler's psi function. 

Since Q satisfies the exterior cone condition and g{z; ■, ■) is continu- 
ous outside the diagonal, by regularity of solutions of boundary value 
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problems for elliptic equations with continuous boundary data (see e.g. 
[TT] . Corollary 7.4.4), one has hn{z; -,7) G C°°(Q) nC(Q) for any y G Q. 
By Theorem 21 in [T7] one has 

(3.1) - gn{0; X, y) < In f 1 + ^(x, y) ^^i^^^^^) < cg^O; x, y) , 
c \ ||x — y||^ / 

where 

1 , otherwise , 

Ui is the first eigenfunction of — A^, d is the distance form the bound- 
ary, d the distance from the set of the vertices at the convex corners 
and d is the distance from the set of the vertices at the non-convex 
corners. 



u;(x,y) := < 



Defining 
by 

G::= (r,-(-A^ + .r^)* 

one has 



(GlO(x) = 5^^?Q(^;x,y.)6 



i=l 

and 

((Gj)*M)fc = {gn{z; -, yk),u)L^n) ■ 
By the results provided in the Appendix one obtains the following 

Theorem 3.2. Any self-adjoint extension of Ay q is of the kind 

Ajg : ^(A?;g) c L\Q) ^ L\Q) , A^§u := A^uo , 

^(Ajg) : = 

{u eL\Q) : u = uo + , uo e ^(Ag) , e« e C^^ , nf^^w = 9^4, 
where (H, 6) G E(C") anc? 

'^"^)fc •= ^™ (^^(x) - %^^n(0;x,yfc) 



Moreover 



+ ^)-' = (-An + ^r' + Gin (9 + nrln)-in (g; 



1)% 
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where 

(rl),^. := (^^ (^ln(^^^ -^(1)^ -/^^(0;y„y.) + /^n(^;y.,y.)) 5. 

Proof. By Theorem 14.11 any u = Uq + Gq • in the domain of a self- 
adjoint extension of ^{Ay q) has to satisfy the boundary conditions 
Ut^Uo = e^u, for some (H, 6) G E(C"). Since 

(Tn«o)i = lim (M(x)-^(0;x,y,)(^^),)- V^n(0;yi,yj)(^„)j, 
one has 

T^uo = flu - h^iu , 

where 

(3.2) Aj:=<7n(0;y„y,)(l-5.,). 
Moreover 

{z{G-yG:)^^ = {rl{Gl-G:))^^ 



hm (5((0; x, y,) - g{z] x, y^)) - /in(0; y^, y^) + h^i^z; y^, y^) 
+ (^n(0; yi, yj) - gn{z] y„ y^)) (1 - 6ij) 

-^l + (rr)„ . 

Thus the proof is concluded by posing = — HA'*'!!. □ 

By the decomposition gn = g + Iiq the previous theorem admits (the 
proof being of the same kind) an alternative version which provides 
results analogous to the ones given in |4] and [7]. 

Theorem 3.3. Any self-adjoint extension of Ay q is of the kind 

A";® : ^(A^D c L\Q) ^ L\Q) , A?;^« := A^uo , 

^(A?g) := 

{u eL'{Q) : u = uo + G^u , uo e ^(A^) , e Q , Uf^u = O^J, 
where (H, O) G E(C") and 

(f^u)^ := lim ( u{x) - Mi In „ ^ „ ^ . 
^ x^Yfc V 27r ||x-yfc||y 

Moreover 

(-Ajg + z)-i = (- + z)-i + Gjn (o + n f In)-in (gJ)* , 
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where 



(fr)„ ■ 



1 

2^ 



In 



- 9n{z;yi,yj) (1 - 6ij) . 

Remark 3.4. Notice that if both 11 and G are diagonal, then both the 
boundary conditions Uf^u = and Uf^u = QC,u are local, i.e. they 
do not couple values of u at different points of Y. 

3.2. Approximating non-Friedrichs Dirichlet Laplacians by point 
perturbations. Let {Y^vlf^ denote a sequence of discrete sets Yat = 
{y^}i C Q such that, for any 1 < k < n, 



fri^cos^i^,ri^sin^i^) G Wf/^ 



k 1 ' k 

inf smMk 

N 



'k 

c> 



and 
Posing 

i.e. 

(3.3) 



N\oo 



N 



Vfc 



SkiVk 



N In , 



N)ij 



ij 1 



one has the following 

Lemma 3.5. There exist c > and < < 1 — such that 



Tn"U 



V 



<c||yf 



Proof. By 

«(yf ) = Mvk) + siy^Xu = u.iy^) + ..(yf , 

by TqU = (u, by (12. 2p and (12. 3p . and denoting by Qo the continuous 
projection Qo : ^(A^) ^ ^(A^), one obtains 

My^)\ 



1 

<- 



|yf - Vfcl 







^o(yf) 






^fc(yf) 






//2(n) < 



< 



1 



c iiyfc 



Vfc I 



-A 11^ 



<c llyfc^ - Vfcir-^'^ligonlU. < c ||yf - Vfcir-^^ 



□ 



In conclusion we get the following 
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Theorem 3.6. Let (H, 6) G E(C") and define {Un^Qn) e E(C") by 

Then Ay^'^'^ converges in norm resolvent sense to A^'® as N oo. 

Proof. Let AyJ-f q be the self-adjoint operator obtained by proceeding 
as in the proof of Theorem 13.21 with t^'^ substituted by f^'^. Then 
Kn^q = K'^", where Bjv = 9 - nM^^A^^M^in, A^^ is defined in 

fl3.2l) and the operator sequence A)^'®^ is given by Theorem 14.11 with 
A = Aq and r = . Analogously (see the proof of Theorem 12.71) 
^n,0 ^ ^n,e^ ^Yiere 9 = 9- HAH, A is defined in (EH), and A^'^ is 
given by 14.11 with A = Aq and r = r^. 

Let us now pose xf '■= (2 + /3i)7r^/^xf /2/3ji?^+^% where xf denotes 
the characteristic function of the wedge W^. Then one has, for any 

= / X, y)xf (x)xf ' (y) dx dy 



lim lim 



AT'tooATtcx, Si(yf' )sj(yf ) ■ 

By (13. ip with w{yf' ,y^) = 1, one has 

, ^n(0;yr,yf) ^7n(0;yf,yf) 
hm lim — —i^TTs — r^TTT = hm 



N't^Ntoo s,(yf )sj(yf) Ntoo s,(yf)sj-(yf) 
Thus 

Ar 



A,-, = lim 



^t- ..(yf ).,(yf ) ' 

i.e. Qn converges to 9. Therefore, by Lemma 13.51 and Lemma |4.5[ 
A^®'^ converges in norm resolvent sense to A^'®, i.e. Ay^^ converges 
in norm resolvent sense to A^'®. The proof is then concluded by notic- 
ing that, by Lemma 1121 AJ;®^ = Ay^'®"". □ 

4. Appendix 

For the reader's convenience in this section we collect some results 
about the self-adjoint extensions of a closed symmetric operator S with 
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deficiency indices {n, n). Since it suffices for tlie purposes of this paper 
we suppose n < +00 and — 5* > 0. For tlie general case, as well as 
for the connection with alternative approaches, we refer to jl6j and 
references therein. 
Let 

S : ^{S) C ^ ^ 

be a closed symmetric linear operator on the Hilbert space J^" such that 
—S > 0. Then by Friedrichs' theorem S has a self-adjoint extension 

with the same bound. 

Suppose now that S has finite deficiency indices n± =dimJ^± > 0, 
:= J(f{—S* ± i). By von Neumann's theory of self-adjoint exten- 
sions, there exists an unitary operator Ua '■ ^+ such that 

^{A) = ^{S) ®A'^iUA), 

A{<p + (1 + Ua)<P+) = S<p + t{l- Ua)<P+ , 

where ^{Ua) is the graph of Ua and (Ba denotes the orthogonal sum 
corresponding to the scalar products inducing the graph norm on ^{A). 
Therefore S = A\J^{P), where P : ^(A) — i- Jt^ denotes the orthog- 
onal projection onto J^. Thus, since this gives some advantages in 
applications, we will look for the self-adjoint extensions of S by consid- 
ering the equivalent problem of the search of the self-adjoint extensions 
of the restriction of A to the kernel, which we suppose to be dense in 
M', of a surjective bounded linear operator 

Typically A is an elliptic differential operator and r is some restriction 
operator to a discrete set with n points. In the case of infinite defect 
indices typically r is the restriction operator along a null subset and C" 
is substituted by a (fractional order) Sobolev- Hilbert space (see [13], 
[TB] and references therein). 
By [13], [SI and [TB] one has the following 

Theorem 4.1. The set of all self-adjoint extensions of S is parametrized 
by the bundle p : E(C") — )■ P(C"); if A^'^ denotes the self-adjoint ex- 
tension corresponding to (H, O) G E(C") then 

^(^^,6) _ {0 = 00 + Go^^ , 00 e ^{A) , ^0 e Q , nr0o = ee4 , 

where 

:C"^jr, G,:= {T{-A + zy^y , zep{A). 
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Moreover the resolvent of A^'® is given, for any z G p{A) fl p{A^'®), 
by the Krein's type formula 

Remark 4.2. One can easily check that the density hypothesis about 
^(r) gives, for any z G p{A), 

n &{A) = {0} , 

thus the decomposition appearing in ^(v4"'®) is well defined. More- 
over, since by first resolvent identity 

(4.1) {z - w){-A + w)-^G, = G^-G,, 
one has 

^{G^ - G,) c ^(A) 

and 

(4.2) zGIG, = t{Go-G,) 

Remark 4.3. Notice that the knownledge of the adjoint S* is not 
required. However it can be readly calculated: by [15], Theorem 3.1, 
one has 

S* : ^{S*) C ^ , S*(j) = A(j)o, 

!^{S*) = {0 G : = 00 + Go^^, 00 G ^{A), G C"} . 
Moreover 

^(A"'®) = {0 G ^(S*) : po0 e Q , nro0 = Gpo^} ■ 
where the regularized trace operators To and po are defined by 
TO : ^{S*) ^ C" , ro0 := r0o 

and 

Po:^(S*)->C^ Po0:=e0- 

By [15], Theorem 3.1, (C",ro,po) is a boundary triple for S*, with 
corresponding Weyl function zG^Gz, and the Green's-type formula 

(4.3) (0, S*1p) - {S*(f), 1p) = TQ(t)-pQll) - po(l)-Toi> 

holds true. Also notice that Gz^ solves the boundary value type prob- 
lem 



(4.4) 



S*Gz^ — zGz^ , 
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Since S = A\J(r{r) = A\J(r{TM), where tm := Mr and M : C" ^ C" 
is any bijective linear map, the group GL{C^) acts on the parametrizing 
bundle E(C") by 

a : GL(C") X E(C") ^ E(C") , a(M, (H, O)) = (Hm, Om) , 

where a is defined in such a way that 

aTIauOm _ An,e 

with A^f' the extension corresponding to (11, 9) G E(C") provided by 
Theorem 14. II in the case one uses the map tm- The action a is explicitly 
given in the following 

Lemma 4.4. 

CS„ = (M*)-i(CS) , Qm = UmMQM^IIm . 

Proof. By the definitions of Tm and Gq one has that any G ^(AjJ/^'®") 
is of the kind = 0o + GqMX, where HmMt^q = ©a/C, C e CJ\^^, 
i.e. = 00 + Go^, where nMMr0o = 0Af(M*)-i^, ^ G Cg. Since 
(C^^)^ = M((Q)^), HmMH : Ci^ ^ is a bijection. Thus 

UMMT(f)o = eM(M*)-i^ifandonlyifnr0o = {UmMU)-^Qm{M*)-^^. 

□ 

We conclude by providing a simple convergence result: 

Lemma 4.5. Let the sequence tn : !^{A) — )■ C" be converging, with 
respect to the norm on bounded linear operators, to t : ^{A) — )■ C"" 
as N t oo . Given U G P(C"), let the sequence On ■ ^ Cj^ 
be converging to : ^ as N ^ oo. Let A"'®^ and A^'^ 
denote the corresponding self-adjoint extensions of Sn = A\J^{tn) 



and S = A\J^{t) respectively, as given by Theorem 4-1 Then A 
converges in norm resolvent sense to A^'^ as N ^ oo. 



Proof. By our hypothesis on rjy, := t^^—A + z) ^ and Gn,z norm- 
converge to G* and G^ respectively. This implies that zG*j^QGiy^z norm- 
converge to zG^Gz and hence {Qn + zIlG*j^ qG n,z^)~^ norm-converge 
to {Q + zUGqGzH)^^ . The thesis then follows by the resolvent formula 
provided in Theorem 14.11 □ 
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